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The n invariant for charged spinors in Taub-NuUT
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and
St John’s Coliege, Cambridge, England
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Abstract. The Atiyah-Singer index theorem for the Dirac operator on a manifold with
boundary involves a non-local term constructed from the eigenvalues of the Dirac operator
on the boundary. This n invariant is evaluated for charged spinors on the left-invariant §°
boundary of the Taub-NUT instanton. It is shown that the index theorem is then in
agreement with a previous explicit evaluation of the index in Taub-NUT.

In a compact four-dimensional Riemannian manifold M without boundary, the Ati-
yah-Singer index theorem for the Dirac operator for charged spinors is

1 e’
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where n. are the numbers of L? solutions of the charged Dirac equation of positive
(negative) chirality, @ isthe matrix valued curvature two-form of the manifold, F is the
Maxwell two-form and e is the charge of the spinor fields (see, for example, Eguchi et al
1980 and references therein). If the manifold has a boundary M then there are extra
boundary correction terms to be added to the right-hand side of equation (1):
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where @ is the second fundamental form of M in M, A is the electromagnetic potential,
and 7n(0) and 4 are non-local terms depending only on the boundary 0M, which are the
terms of interest in this paper (Eguchi et al 1980).

The 7 invariant n(0) is the analytic continuation to s =0 of the meromorphic
function n(s) defined for R(s)>2 by

n(s)=Y A[Psigna= Y A=Y (-A)7° 3)

A#0 A>0 A<Q

where the sum is taken over the non-zero eigenvalues A of the charged Dirac operator
on the boundary manifold M. h is the number of zero eigenvalues of the operator. We
note for future reference that n(0) is left invariant by a constant rescaling of all the
eigenvalues, and hence by a constant conformal rescaling of the metric on aM.

In an earlier paper, the zero modes of the charged Dirac operator were investigated
in the Taub-NUT gravitational instanton, in the presence of a self-dual electromagnetic

0305-4470/81/050133+05%01.50 © 1981 The Institute of Physics L133



L134 Letter to the Editor

field (Hawking 1977, Pope 1978). The metric may be given as

+M -M
ds? = (157) 42+ 07 =M+ oh) +am? () o3 @)

where r =M and the o; are a basis of left-invariant one-forms on the three-sphere,
which may be parametrised by Euler angles (6, ¢, ) as

o1 =cos iy d@ +sin ¢ sin 8 do
o, =-sin ¢ d@ +cos ¢ sin 8 d¢ (5)
o3=d¢ +cos § do

where 0=¢ <2, 0y <4m. The apparent singularity at r = M is just a removable
metric singularity, and the manifold is non-compact and regular, with the topology R*
(Hawking 1977). It may be compactified by cutting off the radial coordinate r at some
large distance ro, thereby introducing a boundary M = S° whose induced metric is

ds®> =405 —MI[Hol +03)+dM* (ro+ M) 203 ]. (6)

The self-dual electromagnetic field is

2M r—-M
F—k[mdr/\a@—(m)ay\aJ (7)

which may be derived from the potential

{2

Because the topology of the manifold is trivial, the integral of F over any closed
two-surface is zero, and so there is no Dirac quantisation condition, which means
that the constant k is arbitrary. Setting k = B/2e¢ for convenience, one finds that
e?/8xm> IMFAF=%BZ. The curvature contribution to (1) is —f5, and the surface
integrals in (2) vanish, so

ne—n_=—15—3(n(0)+h). )
In Pope (1978) it was shown by explicit calculation of the zero modes that
ne—n_=sn(n+1) (10)

where n =[], the greatest integer less than 8 (we are taking 8 to be positive, without
loss of generality). In this paper we reconcile (10) with the index theorem result (9), by
calculating 1 (0) using the method of Hitchin (1974).

The approach will be to calculate the eigenvalues of the charged Dirac operator in
the left-invariant metric

ds’=i(o} +03)+in’a3 (11)

on the three-sphere, and use these to evaluate n(0) in the limit w - 0, which can be seen
from equation (6) to give the same limit (up to a constant conformal rescaling, which
does not alter n(0)) as in the Taub-NUT instanton when the boundary is sent to infinity
(ro = 0).

To find the eigenvalues of the Dirac operator P on S°, P¥ = AW, we introduce the
notion of a spinor-valued zero-form ¥, which may be represented as a two-component
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column vector (). Exterior differentiation of ¥ is given by
DV =d¥+oV¥ (12)

where o =%Ta7bwaba the spin connection; 7, are the Pauli matrices and w,, are the
connection forms for (11). In the orthonormal triad basis

e =}o, e’ =}o, e’ =3uos (13)
—i 0 e'—ie’\ i(w’—2)fes O
=— +— .
v 2 'U“(el-%ie2 0 ) 2u (0 —e3> (14)
The uncharged Dirac operator P acting on ¥ is thus
/./,2+2
PV =ir (Dy,e)=ire® (V) + v (15)

where e“(¥) means ordinary differentiation of the scalar components u and v of V. If
2% are the vectors dual to the left-invariant one-forms o,, then defining ‘quantum
mechanical’ self-adjoint operators by K =iX% and setting K. = K; +iK, the Dirac
operator may be written as

v 'Ks K- )+u2+2
K. T € 2u
The charged Dirac operator P, is obtained by making the replacement D - D —ieA

in (15), and since we are interested in the case A = ko3 = (8/2¢)o; (see equation (8)),

(u_l(?-Ks—-ﬁ) 2K ) u’+2
PA= -1 +—
2K, -« (2K3-8) 2u

P=2( (16)

(17)

K. and K satisfy the usual commutation relations for angular momentum generators,
and so adopting the notation |s) for a Y, spin-spherical harmonic (Goldberg et al
1967), the eigenvectors of P4 may be written as

als) )
18

(bls +1) (18)
for some constants gand b. The actions of K., K3 on |s) are

Kos)=[(Fs)Ix£s+1)]"s+1) Ksls) = ss) (19)

with |s|=</, [m|=<1 [ may take integer or half-integer values. Thus for —~/<s<[—1,
one finds the eigenvalues A or P, are

A=t tu Qs +1=-8P+4u(I—s)(+s+1]? (20)

with degeneracy d = 2/ + 1 for each permitted value of s.
There are also two ‘exceptional’ cases, when s =/ or s = —(/ + 1), for which respec-
tively & or a in (18) vanish, with eigenvalues

A=u ' QRI+1=-8)+3u d=21+1 (21)
A=uT'QI+1+8)+51 d=21+1 (22)

respectively.
We are interested in the u - 0 limit. Since 7(0) is invariant under a constant
simultaneous rescaling of all the eigenvalues, we may set A > uA before taking the limit
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« = 0, thereby obtaining finite eigenvalues. Itis then clear that all the eigenvalues (20)
will be symmetric between the positives and negatives in this limit making no net
contribution to n(s). The entire contribution to n(s) comes from the exceptional cases
(21) and (22), which after rescaling and setting u =0, are

A=p—-8 d=p (23)
A=p+8B d=p (24)

where 2/ + 1 = p, and so p takes integer values, p > 1. Without loss of generality we may
take 8 >0, and so for 8 #integer if n =[B], the integer part of 3,

=Y @+B) "+ X @-8"p-X B-p) 7 (25)
p=1 p=n+1l p=1

Sums of the form of the first two terms in (25) may be evaluated at s = 0 by expanding

(p£B8)7° in descending powers of p, to obtain an infinite series of Riemann zeta

functions, in which only a finite number of terms remain when s is set to zero. Thus

n(0)=-¢+B8"—n(n+1). (26)

For the case that 8 is an integer, there will be 8 zero eigenvalues in equation (23),
and so one finds that for all 8 >0,

n(O)+h=-t+B8%—nn+1) (27)

where n =[B], the greatest integer less than 8. Inserting this result into the index
theorem (9), we recover the result (10) obtained by explicit calculation of Dirac zero
modes in Taub-NUT.

Finally, we remark that this calculation may easily be extended to the case where S 3
is factored by the cyclic group Z, to give the lens space L(1, g). This means that the
Euler angle coordinate ¢ is now the identified modulo 47/¢q (Gibbons et al 1979). The
eigenfunctions on L(1, q) are a subset of the $? eigenfunctions derived above; namely,
those which are periodic with period 4#/q. This periodicity must be analysed with
respect to a non-rotating spinor dyad basis, and since the orthonormal triad rotates by
47/q under ¢ - ¢ +4m/q, the components of ¥ with respect to a non-rotating dyad
basis will be

aeidl/Z ‘S)
(be‘“”2 |s + 1>> (28)

rather than equation (18).

As before, only the exceptional eigenvalues (21) and (22) will contribute to 7 (s),
and from (28) these will have 2/+1=gp, p = integer=1. The calculation of n(0)+#
proceeds in a manner similar to the S? case, giving

n0)=h=-3q+B*/q—qn(n+1) (29)

where n =[/q], the greatest integer less than 8/q.
This result enables one to calculate the index for charged spinors in the multi-Taub-
NUT background, with metric (Hawking 1977)

ds’=V ' (dr+w + dx)*+ V dx’ (30)
and self-dual Maxwell field generated by the potential
A=8V7 i dr+w dx) (31)
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where

q
V=1+), 2M

Vaw=VV. (32)
i=1 Ix_xi|

Explicit calculation shows that the volume integral contributions (1) to the index are
~q/12+ B*/2q, which when combined with (29) give

n+—n_=%qn(n+1) (33)

which is of course an integer for all values of B.
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